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Abstract

Using a ‘reasonable’ measure in Pð2cn
1Þ; the space of 2-homogeneous polynomials on cn

1; we

show the existence of a set of positive (and independent of n) measure of polynomials which do

not attain their norm at the vertices of the unit ball of cn
1: Next we prove that, when n grows,

almost every polynomial attains its norm in a face of ‘low’ dimension.
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1. Introduction, notation and definitions

In the past few years there has been an increasing interest, within the theory of
polynomials in Banach spaces, in the study of the geometry of the spaces of
polynomials (see, for instance, [1,3–7]).

In this direction, in the conference ‘Function Theory on Infinite Dimensional
Spaces VII’, held in Madrid in 2001, Professor Zalduendo asked the question of ‘how
many’ homogeneous polynomials will attain their norm at the vertices of the unit
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ball of cn
N

when n tends to infinity. He conjectured that ‘almost everyone’. In this

direction, he and Carando published recently a paper giving qualitative general
results (see [2]). As they say in the introduction, the question is to study how likely it
is for a polynomial P : E-R to attain its norm at a given subset A of the unit ball
BE : In our paper, we give quantitative results referring to 2-homogeneous
polynomials on cn

1; as an example of the results that can be expected in more

general cases. We use normalized Lebesgue’s measure mn on the unit ball of the space

Lsð2cn
1Þ of symmetric bilinear forms to count ‘how many’ polynomials attain their

norm wherever. The reason for using this measure, instead of normalized Lebesgue’s
measure on the polynomial unit ball is that it is (by far) easier to deal with. On the
other hand, it is also a reasonable measure since, by the polarization formula, for
every 2-homogeneous polynomial P on cn

1; we have that jjPjjpjjAjjp2jjPjj; where A

is the associated symmetric bilinear form.
The first result we have is that Zalduendo’s conjecture fails in this setting (see

Theorem 3). This is not so surprising since the number of vertices in the unit ball of
cn
1 is just 2n; whereas in the unit ball of cn

N
there are 2n vertices. The main result

(Theorem 4), however, shows that even in this case Zalduendo’s conjecture is not far
from the truth, in the sense that, asymptotically, almost every polynomial attains its
norm in a face of ‘low’ dimension.

The notation will be the usual in this context. E will denote a finite-dimensional
Banach space. Associated to it, we are going to consider its unit ball BE ; the space of

real-valued 2-homogeneous polynomials Pð2EÞ; and the space of real-valued

symmetric bilinear forms Lsð2EÞ: Given a polynomial P; we are going to write A

for the unique symmetric associated bilinear form. We are going to consider only
polynomials P such that AABLsð2EÞ: c

n
1 will be the Banach space ðRn; jj � jj1Þ; cn

N
will

be ðRn; jj � jj
N
Þ and feign

i¼1 will denote the canonical basis of Rn:

We identify Lsð2cn
1Þ with c

nðnþ1Þ
2

N via the isometry A/ðAðei; ejÞ ¼ aijÞn
1pipj: With

this, denoting the natural identification of 2-homogeneous polynomials and the
corresponding symmetric bilinear forms as F : P/A; for any measurable subset

SCPð2cn
1Þ one defines

mnðSÞ :¼ 2

nðnþ1Þ

2 lnðnþ1Þ
2

ðFðSÞÞ;

where ld is the usual Lebesgue measure in Rd :
For a general definition of a vertex and an m-dimensional face of a convex

polytope, we refer the reader to [8]. Here all we are going to use is that [8, pp. 55–56]
in Bcn

1
; the vertices are just 7ei; i ¼ 1;y; n; and an ðm 
 1Þ-dimensional face

(or ðm 
 1Þ-face) is just the convex hull of m linearly independent vertices.
The interior of an m-face C is the set of points of C that are not in any k-face,
for kom:

Though we are not going to say it from now on, it is not difficult to show that all
the sets we are going to consider are measurable.
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2. The results

Lemma 1. Let E be a normed vector space, let PAPð2EÞ and let TALsð2EÞ be its

associated symmetric bilinear form. Suppose x; yAE and suppose jPðxÞjXjPðyÞj:

(i) If jPðxÞjXjTðx; yÞj then, for every 0olo1; we have that jPðlx þ ð1 
 lÞyÞj
pjPðxÞj:

(ii) Conversely, if jTðx; yÞj4jPðxÞj and PðxÞ and Tðx; yÞ have the same sign, then

there exists lAð0; 1Þ such that jPðlx þ ð1 
 lÞyÞj4jPðxÞj:

Proof. Let us suppose first that jPðxÞjXjTðx; yÞj: Then, for every lAð0; 1Þ;

jPðlx þ ð1 
 lÞyÞj ¼ jl2PðxÞ þ ð1 
 lÞ2PðyÞ þ 2lð1 
 lÞTðx; yÞj

p jl2PðxÞj þ jð1 
 lÞ2PðyÞj þ j2lð1 
 lÞTðx; yÞj

p jPðxÞj;

because l2 þ ð1 
 lÞ2 þ 2lð1 
 lÞ ¼ 1:
Conversely, suppose that Tðx; yÞ4PðxÞX0 (the other case is similar). Let

f ðlÞ ¼ Pðlx þ ð1 
 lÞyÞ ¼ l2PðxÞ þ ð1 
 lÞ2PðyÞ þ 2lð1 
 lÞTðx; yÞ:

Then

f 0ðlÞ ¼ 2ðlPðxÞ þ ðl
 1ÞPðyÞ þ ð1 
 2lÞTðx; yÞÞ

and f 0ðlÞ ¼ 0 only when

l ¼ l0 ¼
PðyÞ 
 Tðx; yÞ

PðxÞ þ PðyÞ 
 2Tðx; yÞ:

Clearly 0ol0o1 and, since f 00ðlÞ ¼ 2ðPðxÞ þ PðyÞ 
 2Tðx; yÞÞo0; we get that
f ðl0Þ ¼ Pðl0x þ ð1 
 l0ÞyÞ4PðxÞ: Moreover, we get that

f ðl0Þ ¼
PðyÞPðxÞ 
 Tðx; yÞ2

PðxÞ þ PðyÞ 
 2Tðx; yÞ: &

As an application of the first part of the lemma, we have the following:

Proposition 2. Let PAPð2cn
1Þ; let AALsð2cn

1Þ be its associated symmetric bilinear

form and let iAf1;y; ng be such that jPðeiÞjXjPðejÞj for every jAf1;y; ng: Suppose

that, for every jAf1;y; ng; jPðeiÞjXjAðei; ejÞj: Then P attains its norm either at ei or

at one of the ðn 
 2Þ-dimensional faces not adjacent to ei or 
ei:

Proof. Let us suppose without loss of generality that i ¼ 1: A point y in one of
the non-adjacent ðn 
 2Þ-dimensional faces can always be written in the form
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y ¼
Pn

j¼2ajej; where
Pn

j¼2jaj j ¼ 1: Let us note that

jAðe1; yÞj ¼
Xn

j¼2

ajAðe1; ejÞ
�����

�����p
Xn

j¼2

jajjjAðe1; ejÞjpjPðe1Þj:

So, consider any point z in the unit ball of cn
1: There exists y in one of the ðn 
 2Þ-

dimensional faces not adjacent to e1 or 
e1 and lA½0; 1 such that z ¼ le1 þ ð1 
 lÞy:
If jPðe1ÞjXjPðyÞj; we can use Lemma 1(i) to prove that jPðzÞjpjPðe1Þj: If
jPðe1ÞjpjPðyÞj we use again Lemma 1(i) to prove that jPðzÞjpjPðyÞj: &

We can also use the second part of Lemma 1 to prove the next theorem.

Theorem 3 (Failure of Zalduendo’s conjecture for cn
1). For any nX2; if we denote

C ¼ fPAPð2cn
1Þ such that jjAjjp1 and P does not attain its norm at a vertexg; then

mnðCÞX1
6:

Proof. We define the following sets:

B :¼ P such that there exist i0; j0 with
maxijPðeiÞj ¼ jPðei0Þj
jPðei0ÞjojAðei0 ; ej0Þj

� �� �
;

B̂ :¼ P such that there exist i0; j0 with

maxijPðeiÞj ¼ jPðei0Þj
jPðei0ÞjojAðei0 ; ej0Þj

sign Pðei0Þasign Aðei0 ; ej0Þ

8><
>:

9>=
>;

8><
>:

9>=
>;;

B̃ :¼ P such that there exist i0; j0 with

maxijPðeiÞj ¼ jPðei0Þj
jPðei0ÞjojAðei0 ; ej0Þj

sign Pðei0Þ ¼ sign Aðei0 ; ej0Þ

8><
>:

9>=
>;

8><
>:

9>=
>;:

Let us consider the linear isometry c
nðnþ1Þ

2
N -c

nðnþ1Þ
2

N given by ðaijÞjXi/ðãij ÞjXi; where

ãij ¼ 
aij if j4i and ãii ¼ aii: Clearly the image of B̃ is just B̂: Using the change of

variables theorem, we obtain that mnðB̃Þ ¼ mnðB̂Þ: Besides, B ¼ B̃,B̂ and, by Lemma

1(ii), B̃CC: Therefore

mnðCÞXmnðBÞ
2

:

Now, using the usual identification P2ðAðei; ejÞ ¼ aijÞjXi; we have that

BcC
[n
k¼1

jakkj ¼ max
1pipn

jaiij and jakkj ¼ max
1pjpn

jakjj
� �

;

where we take akj ¼ ajk if k4j:

For each k ¼ 1;y; n; the measure of the set fjakkj ¼ maxijaiij and

jakkj ¼ maxjjakjjg can be calculated easily by integration to be 1
2n
1

: Therefore
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we have that

mnðCÞXmnðBÞ
2

¼ 1 
 mnðBcÞ
2

X
1 
 n

2n
1

2
¼ n 
 1

4n 
 2
X

1

6
;

for every nX2: &

This result shows the existence of a set of positive measure of polynomials
which do not attain their norm at the vertices. We are reasonably sure of the
existence of another set of positive (and independent of n) measure of polynomials
which do attain their norm at the vertices, but we have not been able to prove
this yet.

Indeed, it seems to be the case that ‘most’ of the polynomials PAPð2cn
1Þ attain

their norm in the low-dimensional faces. This is the content of our next (and main)
theorem.

Theorem 4. Let Sm
n be the set of polynomials PAPð2cn

1Þ such that jjAjjp1 and P

attains its norm in the interior of an ðm 
 1Þ-face. Then

lim
n-N

mn

[
m416

ffiffi
n

p
Sm

n

0
@

1
A ¼ 0: ð1Þ

The idea behind the proof of Theorem 4 is to find sets Bm
n such that Sm

n CBm
n ; each

Bm
n is ‘easy’ to measure, and condition (1) still holds for Bm

n : To do this we need some

preliminary results.

Proposition 5. If P is a polynomial that attains its maximum in the interior of the

ðm 
 1Þ-face C given by the vertices v1;y; vm; and if Pðv1ÞpPðv2Þp?pPðvmÞ; then

Pðv1ÞpAðv1; vjÞ 8j41;

Pðv2ÞpAðv2; vjÞ 8j42;

^

Pðvm
1ÞpAðvm
1; vmÞ:

Proof. The interior of C is given by

intðCÞ ¼ l1v1 þ? þ lm
1vm
1 þ ð1 
 l1 
? 
 lm
1Þvm;f

where

liAð0; 1Þ ð1pipm 
 1Þ and
Xm
1

i¼1

lio1

)
:

We call D ¼ fðl1;y; lm
1ÞAð0; 1Þm
1 :
Pm
1

i¼1 lio1g and we define f : D-R by

f ðl1;y; lm
1Þ ¼ Pðl1v1 þ?þ lm
1vm
1 þ ð1 
 l1 
?
 lm
1ÞvmÞ:
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We have that f is the polynomial of degree 2 given by

f ðl1;y; lm
1Þ ¼
Xm
1

i¼1

l2
i PðviÞ þ 1 þ

Xm
1

i¼1

l2
i þ 2

Xm
1

1¼ioj

lilj 
 2
Xm
1

i¼1

li

 !
PðvmÞ

þ 2
Xm
1

1¼ioj

liljAðvi; vjÞ þ 2
Xm
1

i¼1

liAðvi; vmÞ


 2
Xm
1

i¼1

l2
i Aðvi; vmÞ 
 2

Xm
1

iaj

liljAðvi; vmÞ:

As f attains its maximum in D; we have that the Hessian matrix H ¼ ðHijÞm
1
i; j¼1

of f ; which is constant, is negative semidefinite. Then, considering uij ¼ ei 
 ej for

ioj; we have that

1
2ðHii þ Hjj 
 2HijÞ ¼ 1

2u
t
ijHuijp0:

Now,

1
2
Hii ¼PðviÞ þ PðvmÞ 
 2Aðvi; vmÞ;

1
2
Hjj ¼PðvjÞ þ PðvmÞ 
 2Aðvj; vmÞ;

1
2
Hij ¼PðvmÞ þ Aðvi; vjÞ 
 AðvivmÞ 
 Aðvj; vmÞ

and so

PðviÞ þ PðvjÞp2Aðvi; vjÞ ð2Þ

holds for 1piojpm 
 1:

As, in addition, PðviÞ þ PðvmÞ 
 2Aðvi; vmÞ ¼ 1
2
Hiip0 for 1pipm 
 1; we have

that (2) holds for 1piojpm: Using the condition Pðv1Þp?pPðvmÞ it is
straightforward to conclude the result. &

The following two lemmas can be easily proved by induction.

Lemma 6. If nX1; we have that

Z 1

xn
1¼xn

?
Z 1

x0¼x1

Yn
1

j¼1

ð1 
 xjÞj
dx0?dxn
1 ¼

ð1 
 xnÞ
nðnþ1Þ

2Qn
k¼1

kðkþ1Þ
2

:

Lemma 7.Ym

k¼2

kðk þ 1Þ
2

¼ ðm þ 1Þ!2
2mðm þ 1Þ:

We can use now these lemmas and Proposition 5 to prove
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Proposition 8.

mnðSm
n Þp

ðn
m
Þ22mþ1

ðm þ 1Þ!:

Proof. Given an ðm 
 1Þ-face C; we will call MC (resp. NC) the set of polynomials

PAPð2cn
1Þ with jjAjjp1 such that P attains its maximum (resp. minimum) in the

interior of C: It is trivial that mnðMCÞ ¼ mnðNCÞ:
Let us call C0 the ðm 
 1Þ-face given by e1;y; em: It is not difficult to see that,

given any other ðm 
 1Þ-face, say C; there exists a linear isometry T : c
nðnþ1Þ

2
N -c

nðnþ1Þ
2

N

(with jdetðTÞj ¼ 1) that maps MC onto MC0
: Using the change of variables theorem,

it follows that

mnðNCÞ ¼ mnðMCÞ ¼ mnðMC0
Þ:

We also know [8, p. 56] that there are ðn
m
Þ2m different ðm 
 1Þ-faces in Bcn

1
: Therefore,

we have that

mnðSm
n Þp

X
C

mnðMCÞ þ mnðNCÞð Þ ¼
n

m

� �
2mþ1mnðMC0

Þ: ð3Þ

Now, if we make the convention aij ¼ aji if i4j and define, for each permutation

s : f1;y;mg-f1;y;mg; the set Bs by

Bs ¼ A ¼ ðaijÞ such that jjAjjp1; asð1Þ;sð1Þp?pasðmÞ;sðmÞ and
�

asð1Þ;sð1Þpasð1Þ;sð2Þ;y; asð1Þ;sðmÞ

asð2Þ;sð2Þpasð2Þ;sð3Þ;y; asð2Þ;sðmÞ

?

asðm
1Þ;sðm
1Þpasðm
1Þ;sðmÞ

8>>><
>>>:

9>>>=
>>>;

9>>>=
>>>;
;

we get, using Proposition 5, that MC0
C
S

s Bs:
But we have as above that mnðBsÞ ¼ mnðBidÞ for every s: Moreover, we have that

2
mðmþ1Þ

2 mnðBidÞ is justZ 1


1

Z 1

a22¼a11

?
Z 1

amm¼am
1;m
1

Ym
1

j¼1

ð1 
 ajjÞm
j
damm?da22 da11: ð4Þ

Now, by Lemma 6, (4) is equal to

1Qm
1
k¼1

kðkþ1Þ
2

Z 1


1

ð1 
 a11Þ
mðm
1Þ

2
þm
1

da11 ¼ 2
mðmþ1Þ

2
1Qm

k¼1
kðkþ1Þ

2

and by Lemma 7,

mnðBidÞ ¼
2mðm þ 1Þ
ðm þ 1Þ!2 :
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So

mnðMC0
Þpm!mnðBidÞ ¼

2m

ðm þ 1Þ!

and an appeal to (3) finishes the proof. &

Finally, we need a technical result.

Proposition 9. There exists a natural number n0 such that, for every nXn0; we have

Xn2

m¼8n

ðn2

m
Þ22m

m!
p

1

n
:

Proof. The proof lies in the following two claims:

Claim 1. There exists a natural number n0 such that, for every nXn0; we have that

ðn2

8n
Þ216n

ð8nÞ! p
1

n3
:

Claim 2. If 8npmpn2 
 1 and we call

xm ¼
ðn2

m
Þ22m

m!
;

we have that xmXxmþ1:

With these two claims, if nXn0 then

Xn2

m¼8n

ðn2

m
Þ22m

m!
p
Xn2

m¼8n

ðn2

8n
Þ216n

ð8nÞ! p
n2

n3
¼ 1

n

and we are done.
In order to prove the first claim we call

yn ¼
ðn2

8n
Þ216nn3

ð8nÞ! :
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We will see that limn-N yn ¼ 0: We have
ynþ1

yn

¼ 216 1 þ 1

n

� �3 ðn2 þ 1 þ 2nÞ?ðn2 þ 1Þ
ð8n þ 8Þ2?ð8n þ 1Þ2ðn2 þ 1 
 6n 
 8Þ?ðn2 
 8n þ 1Þ

¼ ð1 þ 1=nÞ3

232

ðn2 þ 1 þ 2nÞ?ðn2 þ 2n 
 6Þ
ð8nþ8

8
Þ2?ð8nþ1

8
Þ2

ðn2 þ 2n 
 7Þ?ðn2 þ 1Þ
ðn2 þ 1 
 6n 
 8Þ?ðn2 
 8n þ 1Þ

p
ð1 þ 1

n
Þ3

232

ðn2 þ 1 þ 2nÞ?ðn2 þ 2n 
 6Þ
ð8nþ8

8 Þ2?ð8nþ1
8 Þ2

n2 þ 2n 
 7

n2 
 8n þ 1

� �2n
8

¼ Bn:

It is easy to see that limn-NBn ¼ e20

232o1
2
: Therefore, by the quotient criterium,

limn-N yn ¼ 0:
To see the second claim, we are going to prove that xmþ1

xm
p1:

We have that xmþ1

xm
¼ 4ðn2
mÞ

ðmþ1Þ2 : But 4ðn2
mÞ
ðmþ1Þ2 p1 if and only if mX1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 
 1

p
: As

8nX1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 
 1

p
; we can conclude the result. &

Finally, we can give the proof of Theorem 4.

Proof. We have that

mn

[
m416

ffiffi
n

p
Sm

n

0
@

1
Ap

X
m416

ffiffi
n

p
mnðSm

n Þp
X

m416
ffiffi
n

p

ðn
m
Þ22mþ1

ðm þ 1Þ!

p
Xn

m¼16½
ffiffi
n

p


ðn
m
Þ22m

m!
p

Xð½
ffiffi
n

p
þ1Þ2

m¼8ð½
ffiffi
n

p
þ1Þ

ðð½
ffiffi
n

p
þ1Þ2
m

Þ22m

m!
;

where ½� denotes integer part.
Therefore, by Proposition 9, there exists a natural number n0 such that

mn

[
m416

ffiffi
n

p
Sm

n

0
@

1
Ap

1

½
ffiffiffi
n

p
 þ 1

for every nXn0; and we are done. &
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